Primordial perturbations in tachyonic power-law inflation 
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In this work we determine the power spectrum of the gravitational potential of the primordial 
fluctuations for an inflationary model whose inflaton is a non-canonical scalar field of the tachyon- 
type. The respective background field equations for an inverse-square potential produce a power-law 
inflation, and it is explicitly shown that for such a potential the power spectrum tends to be scale- 
independent for highly accelerated regimes in the inflationary expansion. 

PACS numbers: 98.80.-k 
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About the model. — The tachyon field has received some 
attention in cosmology, being applied to produce an ac- 
celerated expansion of the universe. It can play an im- 
portant role in inflationary models [3-@ as well as in 
the present accelerated expansion, simulating the effect 
of the dark energy |3j, l9Hl3| . The inverse-square poten- 
tial we consider in our model was firstly proposed in [l| 
and it can promote a power-law accelerated expansion. 
The analysis of the dynamics of the respective poten- 
tial was performed in references (3L [9!— Tl2j] . As follows, we 
will analyze the primordial perturbations of such a model 
through the explicit calculation of the power spectrum of 
the gravitational potential. 

Background field equations. — The model we consider 
here is described by the following action 
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where R is the Ricci scalar and ip is a non-canonical scalar 
field of the tachyon-type with the self-interaction poten- 
tial V(<p). For a flat Friedmann- Robertson- Walker (F-R- 
W) metric, the background energy density and pressure 
of the tachyon condensate are 
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respectively. The corresponding Friedmann equation and 
time evolution equation of the field read 
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respectively, where H = a/ a is the Hubble parameter, 
a is the scale factor and the dot denotes derivative with 
respect to time. 

By considering an inverse-square potential 
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with A being a constant, the above system is satisfied by 
the solution 



Here a , c\ and n are constants and the following relation 
between n and A holds 
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Such a model describes a power- law inflation if A > 2/ 
The speed of sound corresponding to this solution reads 
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Cosmological perturbations. — Since the fluid of the 
model does not present anisotropic stress, the small 
scalar perturbations in the flat F-R-W line element in 
the longitudinal gauge [l3 - [l6| are represented by 

ds 2 = a 2 (77) [(1 + 2$)d7y 2 - (1 - 2^)5 ij dx i dx j ] . (8) 

Above rj is the conformal time, defined as dn = dt/a, and 
$ is the gravitational potential of the perturbation. 
Introducing the Mukhanov-Sasaki variables [TJ|, Hfl | 
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the differential equation that describes the perturbations 
reads 



u" - ciV z u- —u = 0, 
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where the prime denotes derivative with respect to the 
conformal time. 

Rewriting (fTUf such that u is a function of the scale 
factor, we can set it in the form 
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If we apply the background solution to the above equa- 
tion and consider a plane-wave solution in the form 
itke -lk-x , one has 
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Equation (Ti"2l is one of the forms of the Bessel equa- 
tion, whose solution can be written as 

u k = a~ p [A^J q (/3ka- 2 P) + B k Y q (l3ka' 2p )] , (14) 
which is valid for integer q. For non integer q, its form is 

u k = a- p [A k J q ((3ka~ 2p ) + B k J- q {pka^)] . (15) 
Above Ak and Bk are constants and 
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Firstly, let us calculate the asymptotic forms of the so- 
lution for integer q. For short-wavelength perturbations, 
which satisfy ka~ 2p S> 1, one obtains by using the asymp- 
totic forms of the Bessel functions for a large argument 
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being a,; = a(tj) or = a(r)i), where tj and 7^ stand for 
an initial instant. These redefinitions for the constants 
will facilitate the fixing of the initial conditions later. For 
long- wavelength perturbations, when ka~ 2p <C 1, one has 
by employing the asymptotic forms of the Bessel func- 
tions for a small argument in (|14|) 
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Uk ~ Cikd' 1 ' + C 2 ka l - 
The constants were redefined as 

(20) 

Now, proceeding in the same way as we did above, 
from equation (fT5")) one calculates the asymptotic forms 
of the solution for non integer q. For the limit of short- 
wavelength perturbations, we get by setting Bk = iAk 
for convenience 

u k ~ L> k [cos ((3ka- 2p cos (f3k a - 2p - £ + nq)] , 

(21) 

where 
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For the limit of long-wavelength perturbations, we have 
Uk ^ -Dika" + A>ka~\ (23) 
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Power spectrum for integer q. — According to the cur- 
rent inflationary theory, the primordial quantum fluctu- 
ations generated the seeds for the large scale structures. 
Thus the primordial power spectrum must be consistent 
with the minimal fluctuations of energy allowed by quan- 
tum mechanics, i.e., we have to preserve the fluctuations 
of the vacuum. Such a requirement is satisfied if the 
initial conditions for the variable Uk present the forms 
10 
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To satisfy these initial conditions, from (fl"7|) we deter- 
mine that Ck must have the following value 
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So, the Uk for short wave-length perturbations that sat- 
isfy the minimum fluctuations of energy reads 
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The corresponding power spectrum is 
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which is scale-independent. 

From result ([2B]l. through the use of ([T8]h and ([20]). we 
determine Ak and the constants of solution (fT9"|) . Since 
k 2 <C aT 2p for this solution, one can keeps only its first 
term, obtaining the respective Uk 
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This furnishes the following power spectrum 
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valid for long wave-length perturbations. Such a power 
spectrum is scale-dependent for all the q. Note that this 
result is valid only for integer q. 

Power spectrum for non integer q. — For this case, by 
using (|2"Tj) . the initial condition (|2"5j) is satisfied if Dk has 
the form 
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Thus the adequate itk for the limit of short wave-length 
perturbations is 



cos ({3ka r — £) + i cos ((3ka r — £ + nq) 



cos (/3/ca[ — £) + i cos (/3fca[ 



(32) 



The power spectrum for this limit is 
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From result $5T$, and through ([M]), the asymp- 
totic form (1231) . by despising its second term, renders 



^V / 27^(/3/2) 5_ ' ^ fc" 1 " ^, 



2^1X1-9) 
[cos (Phal - + * cos (,3fc< - £ + tt^)]" 1 . (34) 

Hence the respective power spectrum, valid for long 
wave-length perturbations, reads 
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Analysing the quantities (|3"31 and (j3"5"j) . we can infer 
that they tend to be scale- independent when q — > 1/2. 
On the other hand, from expressions ©i and flTSlh one 
has the following relations connecting q, n and the scale 
factor 
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which show that the situation g — > 1/2 occurs when n is 
sufficiently large. Note that this holds when the rate of 
the inflationary expansion is highly accelerated. Thus the 
present inflationary model produces a power spectrum 
which is progressively more scale-independent whenever 
the primordial expansion of the universe is more acceler- 
ated. 
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